Abstract. This paper focuses on determining the volumes of permutation polytopes associated to cyclic groups, dihedral groups, groups of automorphisms of tree graphs, and Frobenius groups. We do this through the use of triangulations and the calculation of Ehrhart polynomials. We also present results on the theta body hierarchy of various permutation polytopes.
Introduction
Volumes are fundamental geometric invariants of convex bodies. However, volumes of lattice polytopes often have additional algebraic and combinatorial meaning. For example, order polytopes have volumes equal to the number of linear extensions of their associated poset [29] . The Catalan number C n appears as the volume of the convex hull of the positive root configuration A (+) n [20] . Catalan numbers also appear as factors of the volume of the Chan-Robbins-Yuen polytope [11, 36] . Volumes of lattice polytopes are also interesting in the context of algebraic geometry, as they can be used to determine the number of solutions of zero-dimensional systems of polynomial equations and the degrees of algebraic varieties [5, 31, 32] . This motivates the investigation of volumes of polytopes arising as convex hulls of finite groups of permutation matrices.
Perhaps the key example of such a polytope is the Birkhoff polytope B n . It is defined as the convex hull of all n×n permutation matrices, or equivalently, as the convex hull of the natural permutation representation of the symmetric group S n ; see [4, 6, 7, 9, 10, 16, 18, 27, 31] and references therein for a summary of its known properties. Subpolytopes of B n have been shown to have remarkably beautiful properties; see [1, 6, 8, 10, 11, 19, 26, 28, 36] and references therein. This is particularly true for permutation polytopes, those polytopes that arise by taking convex hulls of permutation representations of special subgroups of S n with concrete sets of generators. Their geometry reflects their group-theoretic structure. For known results on permutation polytopes, see [3, 8, 12, 14, 22, 23, 30] and references therein. For definitions pertaining to permutation polytopes, see [3, 22] .
Before stating our results, we will clarify some terminology. The normalized volume of a d-dimensional polytope P ⊂ R n with respect to an affine lattice L ⊂ R n is the volume form that assigns a volume of one to the smallest d-dimensional simplices in R n whose vertices are in L. The volume of P is its normalized volume in the lattice aff(P ) ∩ Z n . We say P is unimodular with respect to L if it has a triangulation whose simplices are all unimodular; that is, the vertices of any simplex in the triangulation span the lattice L. For more on triangulations with respect to particular lattices used in this paper, see Section 2. In what follows, we identify the symmetric group S n on {1, 2, . . . , n} through its representation by n × n permutation matrices; that is, for any g ∈ S n , we identify g with the n × n matrix whose (i, j)-entry is one if g(i) = j and 0 otherwise. We denote the identity by e throughout. We denote a subgroup G of S n by G ≤ S n . Such a subgroup is called a permutation group. For any permutation group G ≤ S n , we refer to the polytope P (G) := conv{g | g ∈ G} as the permutation polytope associated to G. Example 1.1. Let G ≤ S 4 be the group consisting of the four permutations {e, (1 2), (3 4) , (1 2 This polytope is geometrically a square. Now let H ≤ S 4 be the group consisting of the four permutations {e, (1 2)(3 4), (1 3) (2 4), (1 4 This polytope is geometrically a tetrahedron.
Note that Example 1.1 shows that the geometric structure of a permutation polytope depends on the presentation of the group that defines it (i.e., on the choice of generators). Both of the examples above are groups isomorphic to (Z/2Z) 2 , but their permutation polytopes are not even combinatorially isomorphic.
Our focus in this paper is on determining the volumes, or normalized volumes, of permutation polytopes associated to cyclic groups, dihedral groups, groups of automorphisms of tree graphs, and Frobenius groups. We have two essential approaches to computing the volume of a polytope. One approach is to triangulate the polytope by simplices of equal volume. Another approach is to obtain the volume through the Ehrhart polynomial of the polytope, a polynomial which counts integer points in dilations of the polytope and whose leading coefficient is the volume of the polytope. For more on these approaches, see Section 2.
To begin our study, we introduce our first two classes of permutation polytopes. The cyclic group C n ≤ S n is the group generated by the permutation (1 2 · · · n). The dihedral group D n ≤ S n is the group generated by the permutations r = (1 2 · · · n) and f = (1 n) ( 
). In Section 3, we determine particular unimodular triangulations of P (C n ) and P (D n ) with respect to the lattices aff(P (C n )) ∩ Z n×n and aff(P (D n )) ∩ Z n×n respectively. This allows us to recover their volumes via their Ehrhart polynomials. Theorem 1.2. Let n be an integer, n > 2.
(1) The volume of P (C n ) is
In Section 4, we study Frobenius polytopes as introduced by Collins and Perkinson in [12] . These are permutation polytopes P (G) where G is a Frobenius group. A group G ≤ S n is Frobenius if it has a proper subgroup H such that for all x ∈ G\H, H ∩ (xHx −1 ) = {e}. The special subgroup H is known as the Frobenius complement of G and is unique up to conjugation. Moreover, every Frobenius group G ≤ S n has a special proper subgroup N of size n called the Frobenius kernel which consists of the identity and all elements of G that have no fixed points; see Chapter 16 of [2] . The Frobenius kernel and Frobenius complement have trivial intersection, and G = N H. The class of Frobenius groups includes semi-direct products of cyclic groups, some matrix groups over finite fields, the alternating group A 4 , and many others. See [35] for more on Frobenius groups. We determine triangulations of Frobenius polytopes and a formula for their normalized volumes, in particular showing that the normalized volumes are completely characterized by the size of the Frobenius complement and the size of the Frobenius kernel. Theorem 1.3. Let G ≤ S n be a Frobenius group with Frobenius complement H and Frobenius kernel N . The normalized volume of P (G) in the sublattice of Z n×n spanned by its vertices is
In order to better understand these polytopes, we can approximate them with a sequence of special convex bodies. In the 1980s, L. Lovász approximated the stable set polyhedra from graph theory using a convex body called the theta body; see [24] . In [21] , the authors generalize Lovász's theta body for 0/1 polytopes (that is, polytopes whose vertices have coordinates of zero and one) to generate a sequence of semidefinite programming relaxations of the convex hull of the common zeroes of a set of real polynomials; see [24, 25] and Section 2 for more on this topic. We briefly study the theta body hierarchy of our permutation polytopes. For instance, we prove that convergence of the first iterate always occurs for Frobenius groups. This implies many structural results, such as the existence of reverse lexicographic unimodular triangulations. See [33] for more on this. Proposition 1.4. If G ≤ S n is a Frobenius group, then P (G) is two-level and hence G is T H 1 -exact.
In Section 5, we develop a method for computing the Ehrhart polynomial of P (G) when G is the automorphism group of a rooted binary tree on n vertices. This method relates the Ehrhart polynomials of permutation polytopes associated to direct products and wreath products of groups to the Ehrhart polynomials of the individual permutation polytopes themselves. A key theorem in this regard is the following: Theorem 1.5. Let G ≤ S n , and G S 2 be the wreath product of G with the symmetric group S 2 . Then
for any integer t ≥ 2.
In Section 6, we study miscellaneous permutation polytopes. We begin by studying the permutation polytopes P (A n ) where A n ≤ S n , the alternating group on {1, 2, . . . , n}, consists of permutations with even signature. One of the main focuses in the literature is on determining the facets of P (A n ). Cunningham and Wang [14] , and independently Hood and Perkinson [23] , proved that P (A n ) has exponentially many facets in n, resolving a problem of Brualdi and Liu [8] . However, a full facet description is still not known. Moreover, no polynomial time algorithm in n is known for membership in P (A n ). The difficulty of attaining a description of all facets of these polytopes is demonstrated by the following proposition, which shows that the first iterate of the theta body hierarchy for the polytopes P (A n ) is almost never equal to P (A n ) itself. Proposition 1.6. The polytope P (A n ) is two-level, and hence A n is T H 1 -exact, if and only if n ≤ 4. Moreover, for n ≥ 8, P (A n ) is at least (
We conclude the paper with computations of volumes and Ehrhart polynomials of permutation polytopes for many subgroups of S 3 , S 4 , and S 5 .
Preliminaries
Given a convex d-dimensional polytope P ⊂ R n , its Ehrhart polynomial i(P, t) is the function that counts the number of points in Z n ∩ tP , where tP = {tX | X ∈ P } is the t th dilation of P . It is well known that the volume of P is the leading coefficient of the polynomial i(P, t). In order to determine the Ehrhart polynomial or the normalized volume of a lattice polytope P , it is often useful to know a unimodular triangulation of P . Let L be an affine lattice L ⊂ R n . A simplex with vertices
A polytope whose vertices lie in L is said to have a unimodular triangulation in L if it has a triangulation in which all maximal dimensional simplices are unimodular in L. We will be interested in unimodularity with respect to two kinds of lattices. We say that a polytope P is P -unimodular if it has a unimodular triangulation in the lattice spanned by the vertices of P , and we will say that P is Z-unimodular if it has a unimodular triangulation in the lattice aff(P ) ∩ Z n . The following lemma shows that if a polytope has a Z-unimodular triangulation and the number of faces of each dimension in the triangulation is known, then its Ehrhart polynomial, and hence its volume, can be determined immediately.
n be a lattice polytope. Assume that P has a Z-unimodular triangulation with f k faces of dimension k. Then the Ehrhart polynomial of P is
In order to compute triangulations of our polytopes, we make repeated use of Gale duality. In what follows, let P ⊂ R n be a polytope with r vertices V = {v 1 , v 2 , . . . , v r } that lie on a common subspace and let d = dim(P ). Let V ∈ R n×r be the matrix given by
Let G ∈ R (r−d−1)×r be a matrix whose rows form a basis for the space of linear dependences of the columns of (1). The Gale dual of P is the vector configuration {v 1 , v 2 , . . . , v r } consisting of the columns of G. Note that G is unique up to linear coordinate transformations. The relationship between triangulations of a polytope and the structure of its Gale dual hinges on the chamber complex of G. Denote by Σ G the set of cones generated by all bases of G, that is, all subsets of {v 1 , v 2 , . . . , v r } that form bases for the column space of G. If σ ∈ Σ G , let ∂σ denote its boundary, and let ∂Σ G be the union of the boundaries of all cones σ ∈ Σ G . The complement of ∂Σ G inside the cone generated by {v 1 , v 2 , . . . , v r } consists of open convex cones. The closure of such an open convex cone is called a chamber, and the chamber complex of G is the collection of all these chambers. The chamber complex of G and its relationship to triangulations of P is encapsulated in the following lemma. 
cone in the Gale dual, is a regular triangulation of P . Moreover, all regular triangulations of P arise in this way from some chamber τ .
Unfortunately, the aforementioned triangulations given by the Gale dual may not be Znor P -unimodular, so we still need methods to determine if a given polytope P has a Zunimodular or P -unimodular triangulation. One way to do this is through the use of Gröbner bases of toric ideals. Though this can be addressed in a more general setting, we will restrict ourselves to permutation polytopes arising from subgroups of a particular S n . Let G = {g 1 , g 2 , . . . , g k } be elements of such a subgroup, and as usual consider g i as an n × n permutation matrix for each i.
. . , x g k ] be the polynomial ring in k indeterminates indexed by the elements of G and let
The algebra homomorphism induced by the map
has as its kernel the ideal I G . Given a monomial order ≺ on C[x], the ideal I G can determine a P (G)-unimodular triangulation of P (G). Moreover, this triangulation is always regular. See [17, 31] for more on regular triangulations. 
By Lemma 2.3 and the theory of Gröbner bases, P (G) will have a P (G)-unimodular triangulation if there is a term order ≺ on C[x] such that the Gröbner basis of I G is generated by polynomials whose initial terms are square-free. This will be exploited in Section 4. For more on the relationship between toric ideals, Gröbner bases, and triangulations, see [31] .
Recently, Gouveia, Parrilo, and Thomas [21] constructed a hierarchy of convex bodies, each given as the projection of the feasible region of a semidefinite program, approximating the convex hull of an arbitrary real variety. In Section 4, given a permutation polytope P (G) ⊂ R n×n , we discuss the convergence of this hierarchy of relaxations T H 1 (I) ⊇ T H 2 (I) ⊇ · · · ⊇ P (G), which are known as theta bodies. Here, I is an ideal in R[x ij : 1 ≤ i, j ≤ n] whose real variety is the vertex set of P (G). This hierarchy of relaxations has the property that if T H k (I) = P (G) for some fixed k, linear optimization over P (G) can be performed in polynomial time in n provided a certain algebraic oracle. Of particular interest then are polytopes for which T H 1 (I) = P (G), in which case we say G is T H 1 -exact. The concept of T H 1 -exactness was defined in [21] for general ideals I, but we focus on ideals whose zero-sets are vertices of permutation polytopes. T H 1 -exact varieties are characterized polyhedrally in [21] , and we again restrict this characterization to permutation polytopes.
Lemma 2.4. (See Theorem 4.2 in [21]) The group G is T H 1 -exact if and only if for every facet defining inequality
A polytope satisfying the facet property in Lemma 2.4 is called compressed or two-level. Using Lemma 2.4, we can use Gale duality to characterize groups whose permutation polytopes are T H 1 -exact. We do so in the following lemma, which was proved independently by Gouveia, Parrilo, and Thomas, but we provide a self-contained proof.
Lemma 2.5. Let P (G) ⊆ R n×n be a permutation polytope with vertex set {v 1 , v 2 , . . . , v r } and Gale dual {v 1 , v 2 , . . . , v r }. Then G is T H 1 -exact if and only if for every J ⊆ {1, 2, . . . , r} such that conv{v j | j ∈ J} is a facet of P (G), j / ∈J v j = 0. Proof: Throughout this proof, we use the equivalence of T H 1 -exactness with the property of P (G) being two-level, which was proved in Lemma 2.4. Let J ⊆ {1, 2, . . . , r} such that conv{v j | j ∈ J} is a facet of P (G) with the defining inequality c · x − α ≥ 0 valid on P (G). Then
Since G is exact, c · v j − α can take at most two values. By construction, one of these values is zero. If the other value is β, then c · v j − α = β if and only if j / ∈ J. Thus j / ∈J βv j = 0, which implies that j / ∈J v j = 0 since β = 0. For the converse, suppose that j / ∈J v j = 0 for every J such that conv{v j | j ∈ J} is a facet. Fix such a J and assume that the facet inequality of P (G) defining it is c · x − α ≥ 0.
Then, as we have done above,
Suppose that there are at least two distinct values among {c · v j | j / ∈ J} and that γ is the least value. Then 0 =
yields a positive dependence relation on {v j | j / ∈ J} that does not use all the elements in the set. This contradicts the assumption that J induces a facet of P (G). Thus {c · v j | j / ∈ J} has only one element, and hence G is exact.
Note that in particular if P (G) is T H 1 -exact, then it contains a P (G)-unimodular triangulation. Moreover, as we will see, all simplices in this triangulation have the same volume.
Cyclic and Dihedral Groups
We dedicate this section to the proof of Theorem 1.2. We begin with the following lemma, which determines the Ehrhart polynomial of P (C n ) and proves part (1) of Theorem 1.2.
Proof: Let t be a positive integer and let φ : tP (C n ) → t∆ n be the affine map given by
Note that φ is a well-defined map since the sum of the first row of any matrix in tP (C n ) is t. We claim that φ induces a bijection between the sets tP (C n ) ∩ Z n×n and t∆ n ∩ Z n×n . If X ∈ tP (C n ) is an integer matrix, then its first row contains integer entries whose sum is t, so φ(X) is indeed an integer point in t∆ n . It suffices to show that every integer point in t∆ n has a unique integral pre-image. Let 
has an integral pre-image. Moreover, this pre-image is unique, since g i is the only vertex of tP (C n ) whose (1, i + 1)-entry is non-zero. Thus φ induces a bijection between tP (C n ) ∩ Z n×n and t∆ n ∩ Z n×n , and the result follows since i(∆ n , t) = t+n−1 n−1
. The fact that the volume of P (C n ) is
We now investigate the polytopes P (D n ) and their Ehrhart polynomials. Recall the following lemma concerning the dimension of P (D n ). The dimension of the polytope P (D n ) is 2n − 2 if n is odd and 2n − 3 if n is even. Lemma 3.2 indicates that Gale duality is very useful for determining the Ehrhart polynomial of P (D n ), since the Gale dual lies in a space of dimension |D n | − dim(P (D n )) − 1, which is one if n is odd and two if n is even. Lemma 3.3. If n is odd, the Gale dual of P (D n ) is a vector configuration in R consisting of n copies of each of the vectors ±1. If n is even, n = 2m, the Gale dual of P (D n ) is the vector configuration in R 2 consisting of m copies of each of the four vectors
Proof: Throughout this proof, let G be the matrix whose columns form the Gale dual of P (D n ) with its columns indexed by {e, r, r 2 , . . . , r n−1 , f, f r, f r 2 , . . . , f r n−1 } in that order. The following linear relation holds for D n :
where J n×n is the n × n matrix whose entries are all one. When n is odd, Lemma 3.2 implies that P (D n ) is 2n − 2 dimensional, so the Gale dual of P (D n ) is one dimensional. Thus, Equation (2) implies that
with n copies of 1 and n copies of −1. When n is even, n = 2m, Lemma 3.2 implies that P (D n ) is 2n − 3 dimensional, so the Gale dual of P (D n ) is two dimensional. We observe that the relation
holds for D n when n is even. The linear relations (2)- (3) and (3) are linearly independent, so we deduce that
We conclude that the Gale dual is the vector configuration in R 2 consisting of n copies of each of the four vectors
We now compute the Ehrhart polynomial of P (D n ). The symmetry in its Gale dual shows that the number of faces of a given dimension in any regular triangulation of P (D n ) is the same. Note that this in principle completely describes the secondary polytope of P (D n ). Thus, if we find any Z-unimodular triangulation of P (D n ) and compute the number of faces of each dimension in any other regular triangulation of it, we can recover its Ehrhart polynomial via Lemma 2.1. We begin by finding a P (D n )-unimodular triangulation.
Proposition 3.4. The polytope P (D n ) has a P (D n )-unimodular regular triangulation.
Proof: Let G be the graph with vertices {1, 2, . . . , n} and edges i, i + 1 for each i ∈ {1, 2, . . . , n}. Let A G be the adjacency matrix of G. Consider the polytope
The integer points of P G are permutations commuting with A G , so they are precisely the automorphisms of G. Since the automorphism group of G is D n and P G is integral (see Theorem 2 of [34] ), this implies that P G = P (D n ). But by Theorem 4.4 of [15] , the vertex set of P G is exact, which by Theorem 2.4 of [33] and Theorem 4.2 of [21] implies that every reverse lexicographic triangulation of P (D n ) is P (D n )-unimodular. Since reverse lexicographic triangulations are regular, the result follows.
In order to establish that P (D n ) is Z-unimodular, we prove that the index of the lattice generated by its vertices in the lattice aff(P (D n )) ∩ Z n×n is one.
Proposition 3.5. The index of the lattice generated by the vertices of P (D n ) has index one in the lattice aff(D n ) ∩ Z n×n .
Proof: First, consider when n is odd. For simplicity, let D n consist of the matrices v 1 , v 2 , . . . , v 2n , where v 2i+1 = r i and v 2i+2 is the unique flip in D n fixing i + 1, 0 ≤ i ≤ n − 1. It suffices to prove that if X ∈ Z n×n and X is an R-linear combination of the matrices {v 2n −v 1 , v 2n−1 −v 1 , . . . , v 2 −v 1 }, then X is a Z-linear combination of these matrices. Assume
j=2 α j +α ∈ Z. Since e and v 2i+2 are the only elements of D n with the (i+1, i+1)-entry in their support, and since X has integer entries, we conclude that α 2i+2 − α ∈ Z for all 0 ≤ i ≤ n − 1. Moreover, for any i, there is a unique flip with the (1, i + 1)-entry in its support. Since r i is the only rotation with the (1, i + 1)-entry in its support, and again since X has integer entries, we deduce that α 2i+1 + α ∈ Z for all 0 ≤ i ≤ n − 1. Now recall from Equation (2) in the proof of Lemma 3.3 that
and hence X is a Z-linear combination of
Now consider when n is even, n = 2m. We let D n consist of the 4m vectors {u 1 , u 2 , . . . , u 2m }, {v 1 , v 2 , . . . , v 2m }, where u 2i+1 = r 2i , v 2i+1 = r 2i+1 , u 2i+2 is the unique flip supported on the (1, 2i + 1)-entry, and v 2i+1 is the unique flip supported on the (1, n + 2i)-entry, entries taken mod i and 0 ≤ i ≤ m − 1. Suppose that X is an R-linear combination of the form
Notice that u 1 = e. Since e and u 2i+2 are the only elements of D n with the (i, i)-entry in their support and X has integer entries, we conclude that α 2i 2 − α ∈ Z for all 0 ≤ i ≤ m − 1. Moreover, u 2i+1 and u 2i+2 are the only elements with the (1, 2i + 1)-entry in their support, so α 2i+1 + α ∈ Z for all 0 ≤ i ≤ m − 1. Similarly, if β ∈ [0, 1) such that β 1 +β ∈ Z, then β 2i+1 +β, β 2i+2 −β ∈ Z for all 0 ≤ i ≤ m−1. Now from Equation (2)-Equation (3) and Equation (3) in the proof of Lemma 3.3, we have that
We conclude then that
which is a Z-linear combination of the required vectors.
We now determine the number of faces of each dimension in a particular triangulation of P (D n ). This together with Lemma 2.1, Proposition 3.4, and Proposition 3.5 proves parts (2) and (3) are copies of the vectors e 1 , −e 1 in R respectively, 1 ≤ i ≤ n. The set consisting of the vector e 1 is the only extreme ray in one chamber in the Gale dual, so by Lemma 2.2, P (D n ) has a triangulation ∆ with maximal dimensional simplices {conv{G\{r i }}| 1 ≤ i ≤ n}. The number of (k + 1)-element subsets of G is 2n k+1
. By Lemma 2.2, of these subsets, the ones that are not simplices in ∆ are those that contain all of {e, r, r 2 , . . . , r n−1 }. There are precisely 2n−n k+1−n such subsets, so we conclude that the number of k-dimensional faces f k in ∆ is
By the symmetry in the Gale dual, this is also the number of k-dimensional faces in a reverse lexicographic triangulation of P (D n ), which is P (D n )-unimodular by Proposition 3.4 and hence Z-unimodular by Propostion 3.5. The Ehrhart polynomial follows from Lemma 2.1. Moreover, we see that
Now consider P (D n ) when n is even, n = 2m. By Lemma 3.3, the Gale dual of P (D n ) consists of the copies {e
Consider the chamber of the Gale dual whose extreme rays are the vectors {e 1 , e 2 }. By Lemma 2.2, this chamber gives the regular triangulation ∆ of P (D n ) whose maximal dimensional simplices are {conv{G\{r 2i−1 , r 2j }}| 1 ≤ i, j ≤ n}. By a similar counting argument as in the odd case, we conclude that
Again, since Lemma 2.1 implies that P (D n ) has a P (D n )-unimodular triangulation and hence by Proposition 3.4 a Z-unimodular triangulation with the same face numbers, the Ehrhart polynomial follows by Lemma 2.1. Lastly, we see that the volume of P (D n ) when n is even is f 2n−3 , which is
Remark. One can further show from the proof of Theorem 1.2 that all simplices in the given triangulations have the same volume. 
Frobenius Groups
In this section, we discuss triangulations and normalized volumes of Frobenius polytopes, leading to a proof of Theorem 1.3. We also establish that all Frobenius groups are exact, hence proving Proposition 1.4. For the remainder of this section, we assume that G ≤ S n is a Frobenius group. We let N = {u 1 , u 2 , . . . , u n } be its Frobenius kernel (n = |N |), and we let H = {v 1 , v 2 , . . . , v h } be its Frobenius complement (h = |H|). We assume throughout that H is the set of coset representatives for N in G. We let G denote the matrix whose columns form the Gale dual of P (G). Recall that G = N H and H ∩ N = {e}, and so G consists of the nh matrices
and we index the columns of G by G in this order. The following lemmas are proven in [12] . 
The dimension formula in Lemma 4.2 tells us that the |H| − 1 relations in Lemma 4.1 actually form a basis for the space of linear dependences of G. As a consequence, we get the Gale dual of P (G). Proposition 4.3. The Gale dual of P (G) is the vector configuration consisting of n copies {1
(1) , 1 (2) , . . . , 1 (n) } of the all-ones vector 1 in R h−1 , together with n copies {−e
(1)
, where e i is the i th standard basis vector. In particular, the u i v j column of the matrix G is the vector 1 if j = 1, and −e j−1 otherwise.
Proof: This follows directly from Lemma 4.1 and Lemma 4.2. Now consider the chamber in the Gale dual whose extreme rays are {−e 1 , −e 2 , . . . , −e h−1 }. From Lemma 2.2, P (G) has a corresponding regular triangulation ∆ whose maximal dimensional simplices are
Furthermore, from the structure of the Gale dual as given by Proposition 4.3, all triangulations of P (G) have the same number of k-dimensional faces for any k. Thus, if we can determine a P (G)-unimodular triangulation of P (G) and count the number of faces of dimension k for each k in the triangulation ∆, we can prove Theorem 1.3. We proceed by showing that P (G) has a P (G)-unimodular triangulation and then by determining the number of faces of given dimensions in ∆. Proof: Our proof appeals to toric algebra. Let A ∈ R n 2 ×|G| be the matrix whose columns are the elements of G written as n 2 -dimensional column vectors by reading rows left to right and top to bottom. We index the columns of A by the elements of G as in G. The toric ideal 
In fact, {x H 1 − x H : 2 ≤ ≤ h} is a Gröbner basis for I G with respect to the reverse lexicographic order ≺; here, u r 1 v s 1 comes lexicographically before u r 2 v s 2 if and only if r 1 ≤ r 2 , s 1 ≤ s 2 . To see this, we use Buchberger's algorithm. For an introduction to this algorithm and details of terms to follow, see [13] . Consider any pair of polynomials f r = x H 1 −x Hr , f s = x H 1 − x Hs in our generating set for I G . With respect to ≺, we compute the S-pair S(f r , f s ) and see that
, we see that S(f r , f s ) frfs = 0. Since r, s were arbitrary, Buchberger's algorithm concludes that {x H 1 − x H : 2 ≤ ≤ h} is a Gröbner basis for I G . By Lemma 2.3, we conclude that P (G) has a P (G)-unimodular triangulation.
We now proceed to prove Theorem 1.3.
Proof: [Theorem 1.3] By Proposition 4.4, P (G) has a P (G)-unimodular triangulation, and by Proposition 4.3 and Lemma 2.2, all triangulations of P (G) have the same face numbers. Thus it suffices to determine the number of top dimensional faces in the triangulation ∆ in (4) and apply Lemma 2.1. We more generally determine the number of k-dimensional faces f k for each k. Any k-simplex in ∆ must be a subset of some maximal dimensional simplex of ∆, and by Lemma 2.2, all maximal dimensional simplices in ∆ do not contain {u 1 v i , u 2 v i , . . . , u n v i } as a subset for any i ≥ 2. Conversely, if a (k + 1)-element subset of G does not contain {u 1 v i , u 2 v i , . . . , u n v i } as a subset for any i ≥ 2, then there exists m i for each i ≥ 2 such that u m i v i is not in the given subset, and this (k + 1)-element subset is therefore a k-simplex that is a face of the maximal dimensional simplex conv{G\{u m 1 v 2 , u m 2 v 3 , . . . , u m h−1 v h }}. We conclude that a (k + 1)-element subset of G is a k-simplex in ∆ if and only if it does not contain {u 1 v i , u 2 v i , . . . , u n v i } as a subset for any i ≥ 2. Thus, to determine f k , we need to count the number of (k + 1)-element subsets of G that do not contain {u 1 v i , u 2 v i , . . . , u n v i } as a subset for any i ≥ 2.
Let us call a subset of the form {u 1 v i , u 2 v i , . . . , u n v i } a complete copy. There are
(k + 1)-element subsets of G, and the number of such subsets that contain complete copies as subsets is hn− n k+1− n h−1 . Thus by inclusion-exclusion,
Since each maximal dimensional simplex in ∆ has volume 1 dim(P (G))! , the result follows.
We now establish that Frobenius groups are two-level. This relies on an important lemma in [12] . 
Since J was arbitrary, we conclude by Lemma 2.5 that P (G) is two-level and thus T H 1 -exact.
Automorphism Groups of Binary Trees
In this section, we present a method for computing the Ehrhart polynomials of groups that arise as automorphism groups of finite rooted binary trees. The crux of this method lies in Theorem 1.5. We first introduce some necessary group theoretic preliminaries. For any groups G ≤ S m , H ≤ S n , the direct product G × H ≤ S m × S m ≤ S m+n consists of elements {(g, h) : g ∈ G, h ∈ H} with product (g 1 , h 1 ) · (g 2 , h 2 ) = (g 1 g 2 , h 1 h 2 ) . By construction, the vertices of the permutation polytope of G × H are block matrices of the form {g ⊕ h : g ∈ G, h ∈ H}. The wreath product of G by S n , denoted G S n , is the group {(g, h) : g ∈ G n , h ∈ S n } under the operation defined by
The vertices of the permutation polytope P (G S n ) are the mn × mn matrices {g ⊗ h : g ∈ G, h ∈ S n }. For more on this, see [30] . We now prove that automorphism groups of rooted binary trees are always composed of direct products and wreath products of groups.
Lemma 5.1. Let G be the automorphism group of a rooted binary tree. Then G can be written as a sequence of direct products of groups, and wreath products by symmetric groups of order at most two.
Proof: Label the vertices of T by the positive integers {1, 2, . . . , n} such that the root vertex is labeled 1. First assume the root of T has one child, and without loss of generality assume its label is 2. Letting T 2 be the subtree of T rooted at 2, we have Aut(T ) = S 1 × Aut(T 2 ). Now assume instead that the root has two children that are labeled 2 and 3 without loss of generality. Let T 2 be the subtree of T rooted at 2 and T 3 be the subtree of T rooted at 3. If T 2 and T 3 are not isomorphic, then Aut(T ) = S 1 × (Aut(T 2 ) × Aut(T 3 )). If T 2 and T 3 are isomorphic, then Aut(T ) = S 1 × (Aut(T 2 ) S 2 ). The result then follows inductively.
The proof of Lemma 5.1 indicates that computing the Ehrhart polynomial of groups arising as automorphism groups of rooted binary trees requires repeated computation of Ehrhart polynomials of direct products and wreath products by symmetric groups of order two. Theorem 1.5 indicates how Ehrhart polynomials behave under wreath products by symmetric groups of order two, and we prove this theorem now.
Proof: [Theorem 1.5] The vertices of the polytope P (G S 2 ) are precisely the matrices
where the X i are vertices of P (G). Let t ≥ 2 be an integer. If X 1 , X 2 are integer matrices in kP (G) and X 3 , X 4 are integer matrices in (t − k)P (G), then
is an integer matrix in tP (G S 2 ). Moreover, if X is an integer matrix in tP (G S 2 ), then there is a unique k and unique integer matrices X 1 , X 2 ∈ kP (G) and X 3 , X 4 ∈ (t − k)P (G) such that X can be decomposed as in (6) . To see this, note that the supports of the above matrices imply that X can be uniquely expressed as a convex combination of the t th dilations of matrices in (5), so
for some matrices {X i | 1 ≤ i ≤ 4}. Since the two summands have disjoint support, X 1 , X 2 , X 3 , X 4 are all integer matrices. Moreover, X 1 and X 2 have the same integer row and column sum, say k. Consequently, X 3 and X 4 have row and column sum (t − k). Thus we conclude that the set of integer matrices in tP (G S 2 ) is in bijection with
and the result follows.
Theorem 1.5 gives us a method for computing Ehrhart polynomials and hence volumes of permutation polytopes from groups arising as automorphism groups of rooted binary trees. First, given a rooted binary tree T , we compute the automorphism group Aut(T ) as a sequence of direct products and wreath products. Then we read the group Aut(T ) from left to right. If we encounter a direct product, we compute the Ehrhart polynomials of the corresponding groups and take the product of the polynomials. If we encounter a wreath product, we apply Theorem 1.5. This produces the Ehrhart polynomial of the permutation polytope associated to the tree T . Figure 1 . Let T 2 , T 3 be the subtrees rooted at 2 and 3 respectively. Notice that Aut(T 2 ) = Aut(T 3 ) because T is in fact unlabeled (we only place labels to illustrate how to compute the automorphism group). The automorphism group of T is therefore S 1 × [(Aut(T 2 )) S 2 ] . Thus, by Theorem 1.5, its Ehrhart polynomial is i(P (Aut(T )), t) = i(P (S 1 ), t) · .
We can further prove that for any rooted T , P (Aut(T )) has a P (Aut(T ))-unimodular regular triangulation. Proposition 5.3. If T is a rooted tree, then P (Aut(T )) has a P (Aut(T ))-unimodular regular triangulation.
Proof: Let T be any rooted tree, and let A T be its adjacency matrix. Consider the polytope
The integer points of P T are permutations commuting with A T , so they are precisely the automorphisms in Aut(T ). Since P T is integral (see Theorem 2 of [34] ), this implies that P T = P (Aut(T )). But by Theorem 4.4 of [15] , P T is exact, which by Theorem 2.4 of [33] and Theorem 4.2 of [21] implies that any reverse lexicographic triangulation of P (Aut(T )) is P (Aut(T ))-unimodular. Since reverse lexicographic triangulations are regular, the result follows.
Miscellaneous Permutation Polytopes
In this section, we study miscellaneous permutation polytopes. We begin by proving Proposition 1.6. This proposition shows the difficulty of dealing with general permutation polytopes.
Proof: [Proposition 1.6] Since P (A 2 ) and P (A 3 ) have one and three vertices respectively, they are trivially two-level. Since A 4 is a Frobenius group, Proposition 1.4 implies that P (A 4 ) is two-level. For n ≥ 5, by choosing (σ, t, h) = (e, 1, 2) as in Theorem 3 of [14] , we deduce that P (A n ) has the facet defining inequality (x) ≤ n − 2, where (x) = n j=3 x j,j + n j=3 x j,1 + n j=3 x 1,j . Now (e) = n − 2, ((1 2)(4 5)) = n − 4, and ((3 4 5)) = n − 5, and hence P (A n ) is not two-level for n ≥ 5. To show that P (A n ) is at least ( To conclude the paper, the table after the references lists the subgroups of S 3 , S 4 , and S 5 and some their Ehrhart polynomials. Two groups stand out as incomplete, the alternating group A 5 and the general affine group of degree one over the field of five elements. The latter group is generated by taking the semidirect product of the additive and multiplicative groups of the field of five elements, and is denoted by GA(1, 5) .
